an A-module E" and an exact sequence
(This is certainly the case for n = 0: take n 0 to be the identity mapping of A to itself.) For each ideal b e $(n + 1), the exact sequence yields an induced exact sequence E" * Hom A (b, E n ) > Ext A (A/b, E") * 0; since passage to direct limits preserves exactness, we obtain an exact sequence In addition, Hughes remarks that his construction uses 'generalized modules of fractions at the Gabriel filter generated by ^(n)' in the sense of J. Lambek [11] . Now the present first author and H. Zakeri introduced a concept of module of generalized fractions in commutative algebra in [23] . Since that paper appeared, there have been several further papers, such as [3] , [4] , [5] , [6] , [8] , [9] , [14] , [15] , [18] , [22] , [24] , [25] , [26] , [27] and [28] , which have shown that this concept has many interactions with topics of recent and current interest in commutative algebra, especially in commutative Noetherian ring theory. In particular, there are strong links between Cousin complexes and these modules of generalized fractions: it was shown in [18, (3.4) ] that, for an i4-module M such that Ass(M) has only finitely many minimal members and a filtration & of Spec(i4) which admits M, the Cousin complex C(SF, M) mentioned above is actually isomorphic to a complex of modules of generalized fractions in the sense of [23] .
In view of this result, of Hughes' description of his complex as a 'grade-theoretic analogue of the Cousin complex', and of the relevance to his construction of generalized modules of fractions in the sense of Lambek [11] , it seems desirable that relationships between his complex and the modules of generalized fractions of Sharp and Zakeri should be explored. It is the purpose of the present paper to do just that.
In Section 1, we shall discuss a sort of 'generalized ideal transform' determined by a system of ideals of A in the sense of [1] : such a system is a non-empty set <P of ideals of A with the property that, whenever a,be<P, then there exists c € <P such that c c ab. It should be observed that the set "$(«) (for n e N o ) of all ideals of A of grade at least n is an example of such a system of ideals. The generalized ideal transform determined by 0 is We shall use this idea to produce, for an A -module M and a family (0 n ) neN of systems of ideals of A (here, N denotes the set of positive integers), a complex which can be regarded as a generalization of Hughes' complex described above.
In Section 2, we shall review some of the basic properties of the modules of generalized fractions introduced by Sharp and Zakeri in [23] , and we shall show how a chain of triangular sets on A in the sense of [14, p. 420] gives rise to a family of systems of ideals of A, and therefore to associated 'generalized Hughes complexes'. Section 3 contains the main results of the paper. In it, we compare some of our 'generalized Hughes complexes' with complexes of modules of generalized fractions. We shall show, among other things, that every module of generalized fractions of an A -module M is isomorphic to a term in a suitable 'generalized Hughes complex' as described above. We shall also use our results, together with basic facts from the theory of generalized fractions, to recover some of Hughes' results about his grade-theoretic analogue of the Cousin complex.
Throughout the paper, A will denote a commutative Noetherian ring (with non-zero identity). In some of the discussion, the Noetherian hypothesis will not be needed, and so we shall use R to denote, again throughout the paper, a commutative ring (with non-zero identity). Also, ^(R) will denote the category of all /?-modules and 7?-homomorphisms, and, of course, ^{A) will have a similar meaning for A. [1] is a non-empty set 4> of ideals of R such that, whenever I,Je<P, there exists K e 0 such that K c //. Such a system of ideals 0 determines the 0-torsion functor r#: <#(#)-><#(/?). This is the subfunctor of the identity functor on <#(#) for which = {m e M: Im = 0 for some I e 0} for each R -module M.
Generalized ideal transforms and generalized Hughes complexes.

DEFINITIONS. A system of ideals of R
Note that r# is denoted by L* in [1] , and is referred to in that paper as the 'general local cohomology functor with respect to 0'. (The underlying rings in [1] are all assumed to be Noetherian, but we are not making such an assumption in this section.)
There are many examples of systems of ideals. One which is particularly relevant to this paper is the set ^(n) (for n e N o ) of all ideals of our commutative Noetherian ring A which have grade at least n. We shall provide other examples in Section 2. We show next how, given a family Sf=(G>j) ieN of systems of ideals of R and an ?-module M, we can construct a complex which can be regarded as a generalization of Hughes' complex of [10].
1.3 CONSTRUCTION. Let y = (<P,), €N be a family of systems of ideals of R, and let M be an /?-module. It will be convenient to write K~2 = 0, K~l = M, and to use h~2:K~2^K~x to denote the zero homomorphism. Set E° = M, and let jfoiK" 1 -*/? 0 be the identity mapping of M to itself.
Suppose, inductively, that n e N o and we have constructed a complex an R-module E" and an epimorphism n n :K n~l -*E" for which the sequence
is exact. This is certainly the case when n = 0. To construct the next term and the next homomorphism, we apply the ideas of 1.2 to the system of ideals 4> n+1 and the /?-module E". We obtain an exact sequence
0.
We define K": = D^JE") and E n+1 : = H\ +l (E n ); also, we set
by the inductive hypothesis, and we have an exact sequence
because n n is surjective, the inductive step in the construction is complete. We shall call the complex
that results from this construction the generalized Hughes complex for M with respect to the family of systems of ideals W; we shall denote it by %!(y, M).
1.4 REMARK. It should be noted that, if we let ^ denote the family of systems of ideals of our commutative Noetherian ring A given by < @=( ( 3{n)) ntiN , where, for each n € N, the system ^(n) is the set of all ideals of A of grade at least n, then the generalized Hughes complex $fCS, A) for A with respect to <& is just the grade-theoretic analogue of the Cousin complex which Hughes constructed in [10].
In the next section, we shall give more examples of generalized Hughes complexes; these will be defined using families of systems of ideals of A that come from chains of triangular sets on A.
Some basic results about generalized fractions.
In this section, we shall work over our commutative ring R. We begin with a brief review of some of the main elements of the theory of modules of generalized fractions. 
1=1
(We use T to denote matrix transpose, and we use n-tuples (a u . . ., a n ) of elements of R and 1 x n row matrices (a x . . .a n ) over R interchangeably.)
The addition and scalar multiplication in U~nM are such that 
The next lemma will be needed in Section 
Then m e E u t M. for all keN.
The next theorem provides the key to the main results of this paper. It establishes a relationship between the modules of generalized fractions of Sharp and Zakeri on the one hand, and the generalized ideal transforms introduced in 1.2 on the other. It should be noted that the Noetherian hypothesis on A is used in an important way.
THEOREM. (Recall that A is Noetherian.) Let the situation be as in 3.1. Thus we let n e N, we let U be an expanded triangular subset ofA n+1 , we let U be the restriction of U to A", and we let M be an A-module. We denote by <P((/) the system of ideals of A determined by U (see 2.5).
There is an isomorphism of A-modules ) ((U x {l})"""^). It is now an easy matter to deduce from the last three paragraphs that there is indeed a mapping T = T y (M): U-"-
Here D^u) denotes the &(U)-transform (see 1.2). The isomorphism T V (M) is described as follows. For each be<P(U), let 6(<P(U), b):Hom A (b, (0x {1})-"-^)^D 0W ((Ux
given by the formula in the statement of the theorem. It is routine to check that x is an ./4-homomorphism. It only remains for us to show that x is bijective. Let meM and u e U be such that m/ue Ker x. Let t e f^ be such that A similar result is available for triangular subsets of A 1 . As this is reminiscent of work with ordinary modules of fractions, and as its proof is similar to, but simpler than, the above proof of 3.3, we merely state the result here and leave the proof to the reader.
THEOREM. (Recall that A is Noetherian.) Let U be an expanded triangular subset of A 1 , and let M be an A-module. We denote by <P(U) the system of ideals of A determined by U (see 2.5).
There
is an isomorphism of A-modules
Here £>* ( 
Proof. The isomorphism W = (V')is-2 is constructed by a straightforward inductive process, and the details are left to the reader. Use 3.4 to define i//°, and use 2.7 and 3.3 for the inductive step.
3.6 REMARK. It is now immediate from 2.4 and 3.5 that, if M is an arbitrary module over our commutative Noetherian ring A, and U is an arbitrary triangular subset of A" for some neN, then the module of generalized fractions U~"M is isomorphic to the (n -l)-st term in an appropriate generalized Hughes complex for M. We would argue that this fact adds to the usefulness of the generalized fractions of Sharp and Zakeri (as opposed to making them redundant in Noetherian situations), because the module U~nM is constructed in one step, and calculations with its elements are a little like calculations in ordinary modules of fractions, whereas the (n -l)-st term in a generalized Hughes complex for M is arrived at after n direct limit constructions.
3.7 REMARK. In support of the comment made in 3.6 above, let us reconsider Hughes' grade-theoretic analogue of the Cousin complex. By 1.4, this is just the generalized Hughes complex W^, A) of A with respect to < S, the family of systems of ideals of our commutative Noetherian ring A given by < 3= (^(n)) neN , where, for each neN, the system "£(«) is the set of all ideals of A of grade at least n.
However, we can give another description of this complex. For each n e N, let
By [23, 3.9 and 3 .10], V n is a triangular subset of A", and, in fact, it is easy to see that T:= (V n ) neN is a chain of triangular sets on A. Therefore, by 3.5, there is an isomorphism of complexes from the complex C(T, A) of modules of generalized fractions to the generalized Hughes complex %(Sf(V), A) for A with respect to the family <f(V) = (<P(V n )) nefi of systems of ideals of A determined by V. However, for each neN, the system <b(V n ) is just the set of all ideals of A which can be generated by a poor A-sequence of length n, and so is a connal subset of ^(n) (partially ordered by reverse inclusion 
:a).
It is easy to deduce from the theory of grade that the latter ideal has grade exactly n.
(iii) Let n e ^J o -Since E" = Coker/"" 2 , it follows from part (i) that E" is isomorphic to a submodule of D", and so the result follows immediately from part (ii). For each neN, the set 9£(/i) is a system of ideals of A, and one can see by prime avoidance arguments that ^(£/«) is a cofinal subset of @t(n) (partially ordered by reverse inclusion). Let 0t denote the family of systems of ideals (@l(n)) neN . It follows that we have isomorphisms of complexes
C(A) = C(% A) = X(Sf(%, A) = X(9l, A).
Of course, when A is Cohen-Macaulay, 9i = < § and Hughes' complex 'St^S, A) is then $?(5?, A) and so is isomorphic to C(A). Thus, in view of [19, (5.4)], we recover the fact stated by Hughes in [10] that his complex provides the minimal injective resolution for A in the case when A is a Gorenstein ring.
It should be noted that we have made considerable use in this section of the Noetherian property of A. Indeed, it is perhaps interesting to ask whether there is any analogue of Theorem 3.5 for our commutative ring R which is not necessarily Noetherian. Up to the time of writing, we have not found a complete answer to this question.
